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Optical Measurements of Flutter Mode Shapes

Jakob Kuttenkeuler¤
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The usefulness of an optical motion capture system in aeroelastic wind-tunnel testing is investigated. A system
consisting of four infrared charge-coupled device cameras, observing � at passive re� ecting markers, is installed in
a low-speed tunnel to measure � utter mode shapes. Free vibration and aeroelastic measurements are performed on
four wing con� gurations consisting of thin � at orthotropic composite laminates with varying laminate orientation.
The laminate orientations are chosen to result in dissimilar � utter mode shapes. The wings are equipped with
up to 20 markers, and the motion is sampled at 240 Hz. Quantitative scalar comparisons between analysis and
experiments, with respect to both amplitude and phase are done using the modal assurance criterion (MAC).
Measurements of mode shapes on free vibrating wings (ground vibration tests), as well as limit-cycle � utter
oscillations, show good agreement with numerical results. MAC ratings consistently exceeding 0.96 are achieved.
However, it is clearly seen that the agreement is better for free vibration comparisons than for � utter. This is
expected considering the higher complexity of the � utter problem. Thus, the cause cannot be attributed exclusively
to insuf� ciencies in theopticalsystem butalso to inaccuracies in themodeling.Thegoodqualityof themeasurements
proves the usefulness of such a noncontact positioning system in experimental wind-tunnel testing, not only in the
present � utter context, but in a variety of experimental work affected by aeroelastic deformation.

I. Introduction

A EROELASTIC deformation, both static and dynamic, is often
an integratedpart ofwind-tunneltesting.Not onlyexperiments

where aeroelastic effects are of primary interest but virtually all
experiments where elastic deformation originates from the model
itself, the model support, or the balance are affected.Such aeroelas-
tic deformation must be considered when, for example, comparing
experimental data with computations based on rigid-body assump-
tions. Regardless of the cause, there often exists a need to quantify
these deformations. Means of doing this involve various types of
onboard devices, such as inertial sensors and strain gauges, with
all their advantages and disadvantages. To avoid � ow interactions,
the sensors often have to be placed inside the model, which causes
dif� culties because suf� cient access has to be provided both for the
sensor itself as well as for the wiring.

The advantagesof using an opticalnoncontactpositioningdevice
for deformationmeasurementsare evident,especiallywhen consid-
ering the capabilities of measuring the position of several markers
simultaneously. Efforts being made in this � eld, along with a dis-
cussion on various types of video photogrammetric techniques, are
presented by Burner et al.1 An example of the use of optical sys-
tems for model deformation measurements at NASA is described
by Burner.2 Further examples of commercially available systems
used in wind tunnels are the Northern Digitals Optotrak,3 used by
Boeing, and the ProRe� ex system4 by Qualisys, used in this inves-
tigation. Optical systems especially developed for � ight tests also
exist, such as those developed by Grumman5 and NASA.6

Among the basic requirements for a multipurpose positioning
system to be appealing in wind-tunnel experiments are adaptable
mounting, simple calibration procedures, as well as extensive and
highly automateddata processing.High sampling rate, multimarker
capacity, and the possibility to use � at markers are also required.
For use in dynamic aeroelastic experiments, such as the present,
many markers are needed to capture the mode shapes whereas real-
time data access is of less importance. In quasi-static experiments,
or other experiments involving control systems, there is often a
need for real-time information feedback of the rigid-body degrees
of freedom.
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The presentProRe� ex systemis installedin a low-speedwind tun-
nel at the DepartmentofAeronautics,KungligaTekniskaHögskolan
(KTH), to serve as a versatile system in various types of experi-
ments. The overall objective is to use the system for tasks ranging
from rigid-body angle-of-attack-typemeasurements, for feedback
in control law experiments, to static as well as dynamic model de-
formation measurements. Among the advantages of the system is
the feasibility to use � at passive tape markers, which are punched
out from self-bonding sheets. This, in contrast to the use of active
markers, enables fast model preparation, no need for wiring, and
� exibility in marker positioning.

The present investigation should be regarded as a part of the
system validation, where the aim is to con� rm its usefulness for
capturing � utter mode shapes in dynamic aeroelastic experiments.
The investigation is an extension of earlier numerical/experimental
work on aeroelasticityby the author, reported in Refs. 7 and 8. Part
of the conclusionsfrom these investigationswas that the critical � ut-
ter speed is predicted accurately for the considered � at composite
wings, which justi� es the use of these wings in the present inves-
tigation. The � utter speed as a function of material orientation was
calculatedand veri� ed in severalexperimentsin Refs. 7 and 8. It was
found that this function includes a discontinuousderivative as well
as being discontinuousitself. The cause of both these occurrencesis
transitions in critical � utter modes, or eigenvalues.Although capa-
bilities to visualize the calculated mode shapes existed, at the time
there existed no ef� cient means to capture experimentally the mo-
tion. The scope of this investigation is therefore to complement the
earlier work with comparisonsof mode shapes, or eigenvectors,on
wings with various laminate orientation.

II. Experimental Setup
All experimentsare performedin a low-speed,closed-returnwind

tunnel at the Department of Aeronautics,KTH. A symmetric model
made of two epoxy-impregnatedglass � ber wing halves is clamped
horizontallyon a sting.The wing geometryand mounting are shown
in Fig. 1.

Four geometricallyidenticalwingcon� gurationsare investigated.
The con� gurations differ only in that the orientation h of the or-
thotropic glass � ber composite is altered. The setup is identical to
the setup in Refs. 7 and 8, with the addition of the optical three-
dimensional motion capture system ProRe� ex.4 Flat tape markers
with diameters of 7–11 mm are used. Marker locations and num-
bering are shown in Fig. 1.
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Fig. 1 Experimental setup showing camera con� guration, wing geometry, and numbering of the re� ecting markers.

The ProRe� ex system in the current setup consists of a host
computer and four infrared charge-coupleddevice (CCD) cameras
with internal � ashes, each acquiring the optical midpoint of the re-
� ecting markers. Each camera calculates the two-dimensional po-
sitions of all visible markers in the plane parallel to its lens. The
two-dimensionalpositions from each camera, in its individual two-
dimensional coordinate system, are fed to the host computer where
the three-dimensionalphotogrammetriccalculationsare performed.

The cameras are mounted in structural parts of the ceiling of
the surrounding building to achieve a rigid camera support. Open-
ings, 130 £ 130 mm, are cut in the tunnel ceiling to accomplish free
camera sight. These openings are left uncovered to avoid optical
refraction. The distances between the cameras and the markers are
between 1.3 and 1.5 m, and all cameras are focused to cover the
same wing-half.

III. Performance of the Optical Measurement System
The performance of the positioning system depends on several

factors. These can roughly be divided into two separate categories,
system-dependentfactorsand factors related to the speci� c con� gu-
ration. Examples of system-dependentlimitationsare the maximum
camera sampling rate (here 240 Hz) and the maximum number of
markers that the system can handle given a speci� c sampling rate.
Within the second category, the perhaps most signi� cant example
is the camera constellation, which strongly affects the precision in
three dimensions. A constellation resulting in good stereoscopic
separation is naturallydesirable. The size and shape of the markers,
along with the calibration quality, also affect the accuracy and the
resolution. A more thorough discussion on the subject is certainly
relevant, but beyond the scope of this report.

A set of static measurements is performed, with u = 0, exclu-
sively to measure and verify the precision of the three-dimensional
positions obtained using the present con� guration. The measure-
ments are done using the experimental setup shown in Fig. 1, but
are modi� ed with extra support of the wing to achieve a straight and
stationary condition.

Experimentally, based on 50,000 samples, the one-dimensional
spatial resolution is found to be approximately0.03 mm in all three
coordinatedirections.Typically, the three-dimensionalscatter is on
the order of §0.1 mm. Measurements on markers attached to the
model support rig during wind-on conditions show similar results,
which veri� es the rigidity of the camera mounting. The general
conclusionis that the measurementaccuracyis suf� cient but that the
limitations have to be considered when evaluating small-amplitude
motions.

IV. Numerical Modeling and Analysis
The orthotropic material properties for the four wing con� gura-

tions, given in Table 1, are obtained using the modal method de-
scribed in Ref. 9. The con� gurations are hereafter referred to using
their laminate angle h , de� ned in Fig. 1.

All numerical modeling is performed using a � nite element
based plate description of the wing with Mindlin-type heterosis
elements.10 The mesh consistsof 6 elementschordwiseand 12 span-

Table 1 Material properties of the four wing con� gurations

h , Thickness, Density, D11 ,a D12 ,a D22,a D33 ,a

deg mm kg/m3 N¢ m N ¢ m N ¢ m N¢ m

0 1.97 1971 18.2 2.79 16.4 3.80
20 2.06 1929 20.0 3.19 18.2 4.23
45 1.95 1978 18.1 2.84 16.4 3.76
70 2.06 1929 20.0 3.19 18.2 4.23

aConventionalorthotropic plate stiffnesses.

wise. The wing root is considered clamped, and internal damping
is neglected. The free-vibration motion of the cantilever wing is
obtained by solving the eigenvalue problem

[K ¡ x 2M] v̂ = 0 (1)

where K is the stiffness matrix, M the consistentmass matrix, x the
free-vibrationfrequency,and v̂ the vector of nodal displacementsin
the � nite element model.

For the � utter calculations,the linearizedequationsof motion for
a thin wing in potential � ow are written in discretized form as

[Mv̈ + Kv] = f(t ) (2)

where f (t ) is the time-dependent vector of aerodynamic forces.
Assuming incompressible linear unsteady aerodynamicsand trans-
forming the equations of motion to the frequency domain give the
nonlinear eigenvalue problem

[p2M + K ¡ qA( p)]v̂ = 0 (3)

where p is the eigenvalue, q the dynamic pressure, A the matrix of
aerodynamicforces, and v̂ the eigenvector.By followingof standard
procedure,11 the lowest free-vibration frequencies and correspond-
ing eigenmodes from the linear dynamics � nite element model are
used to de� ne a smaller subspace. The � utter analysis problem is
solved by expressingstiffness,mass, and aerodynamicforces in this
smaller subspace.Normalizing the eigenvectorsso that the general-
ized mass is one and assuming that A only depends on the reduced
frequency k = x b/ u give

[p2I + X 2 ¡ qÃ(k)]ŵ = 0 (4)

where X is diagonalwith a number of free-vibrationfrequencieson
the diagonal, u the airspeed, Ã the aerodynamic forces expressed
in the smaller subspace, ŵ the correspondingeigenvector,and b the
semichord. The matrix of aerodynamic forces is computed using
the doublet-latticemethod.12 The eigenvalues p are found for each
� ight condition u, using a modi� ed version of the p–k method.13

The structure is considered stable for the � ight condition if all of
the eigenvalues p have negative real part. Earlier work7,8 has shown
goodagreementbetweenexperimentalandnumericalresultsregard-
ing � utter velocity, using the described methodology and material
properties.
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The eigenvector v̂ corresponding to the critical eigenvalue de-
scribes the predicted � utter mode shape in terms of nodal displace-
ments. Because the load matrix A is complex, the eigenvector v̂ is
also complex, describing both amplitude and phase of the motion.

To compare the predicted and measured mode shapes, they both
have to be evaluated at the same in-plane coordinates. This is
achieved through interpolation of the predicted mode shapes, at
locations corresponding to the marker positions, using the � nite
element basis functions.

V. Free Vibration
The objective in this section is to compare free-vibration ampli-

tudes, frequencies, and phase between the numerical solutions to
Eq. (1) and experimentaldata. Because the de� ections have to be of
measurable magnitude in the experiments, only the � rst eigenmode
is considered.

In the experiments, the vibration is excitedmanually by releasing
the wing from a de� ected state, approximately 50 mm at the wing
tip. For consistency and to allow higher modes to settle, only data
points corresponding to tip de� ections less than 10 mm are used in
the data reductionprocess.During data reduction,the solutionto the
equationof motion of a viscouslydamped free vibrationis � tted in a
least-squaresense to the measured out-of-planedisplacement com-
ponent. Each marker data is processed individuallywhen � tting the
time-dependentdisplacement function v(t ), which is expressed as

v(t ) = v0 + v̂e ¡ f x 0t sin x 0t 1 ¡ f 2 + } 0 (5)

where v0 is any static contribution,v̂ the oscillatingamplitude, f the
nondimensional damping ratio relative to critical damping, x 0 the
undamped free-vibrationangular frequency, } 0 the phase shift, and
t the time. Typically 20 vibration cycles are used in the � tting pro-
cedure, although the results show negligible deviationswhen fewer
cycles are used.

In the analysis,all eigenvaluesandeigenvectors,obtainedby solv-
ing Eq. (1) are real because damping is neglected.14 Hence, when
comparing analysis with experiments, the undamped frequency x 0

(or f0 = x 0 / 2 p ) and the amplitude v̂ from Eq. (5) are used. A com-
monly used scalar measure for comparisons between mode shapes
is the modal assurance criterion (MAC)15 de� ned as

MAC(v̂1, v̂2) =
v̂T

1 v̂2
2

k v̂1 k 2 k v̂2 k 2
, 0 · MAC · 1 (6)

where v̂1 and v̂2 are the two mode shape vectors to compare. The
MAC number quanti� es the normalized scalar product of the two
compared vectors. Thus, perfect correlation renders MAC =1, and
a comparison between two orthogonal modes results in MAC =0.

From the results of the free-vibration comparisons, presented in
Fig. 2 and Table 2, it is clear that both the fundamental eigenfre-

Fig. 2 Numerical vs experimental free-vibration results at marker
positions for all four con� gurations.

Table 2 Free vibration comparisons between predicted
and experimental results

h , f0pred , f0exp , D } max , MAC Markers
deg Hz Hz deg (v̂pred, v̂exp) nos.

0 3.79 3.71 0.46 1.00 1–12
20 3.60 3.36 1.65 1.00 1–12
45 3.52 3.49 1.23 1.00 1–20
70 4.22 4.14 1.00 1.00 1–12

Table 3 Condensed � utter results, both predicted and experimental

h , upred, uexp , fpred, fexp, MAC Markers
deg m/s m/s Hz Hz (v̂pred, v̂exp) nos.

0 36.4 36.5 14.8 15.1 0.99 1–12
20 45.3 43.7 15.4 14.0 1.00 1–12
45 47.8 47.2 23.8 24.9 0.96 1–20
70 41.2 41.6 16.2 15.2 1.00 1–12

µ = 0 deg wing µ = 45 deg wing

Fig. 3 Flutter mode shape superimposed on the nonde� ected wing.

quencies f0 and the mode shapes numbers correlate well between
analysis and experiments. The maximum experimental phase dif-
ference D } max between two markers in one wing of 1.65 deg is also
af� rmatively low.

VI. Flutter
As shown in Ref. 7, the critical � utter speed expressed as a

function of laminate orientation has a discontinuous derivative at
h =39 deg and is itself discontinuous at h =57 deg. It was con-
cluded that both occurrences are caused by a stability mode transi-
tion. Further comparisons of these different modes reveal that the
mode shapes (eigenvectors) for h = 0, 20, and 70 deg are virtually
identical.The MAC ratings of these mode shapes,when comparing
the full-length predicted eigenvectors (325 nodes) with each other,
are all higher than 0.96. However, the predicted mode shape for
h =45 deg differs substantially from the others, with a correspond-
ing maximum of MAC =0.19whencomparedwith them.The mode
shapes for h =0 and 45 deg superimposedon the nonde� ected wing
are shown in Fig. 3.

The � utter experiments are carried out much in the same manner
as in Refs. 7 and 8 at an angle of attack just enough to compen-
sate for gravity, hence achieving a straight (nonde� ected) wing. At
barely subcritical airspeed, the acquisition is initiated, and the air-
speed slowly increased stepwise until � utter is visually detected.
The data acquisitionis continuedat constant airspeed to capture the
steady-state oscillation at maximum amplitudes of approximately
5 mm. Because the numerical model at best can be expected to be
accurate at small � utter amplitudes, it would be ideal to capture ex-
perimentally the mode shape at the onset of � utter. However, this is
not feasible in practice for reasons of experimental resolution. The
experiments and data reduction have to be performed at reasonable
� utter amplitudes, as well as at steady-state oscillation.

The postprocessingof the marker data is done in a similar manner
to that for the free-vibration tests, that is, by � tting of an harmonic
function.However, the damping is now excludedfrom Eq. (5) due to
the nontransientcharacteristicsof the motion. The function is � tted,
in a least-square sense, to each marker data covering 6–10 periods.
Because, overall, small amplitudes are desired, even at the wing
tip, the amplitudes near the wing root approach the experimental
resolution, resulting in less con� dent results in this region.
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Fig. 4 Numerical vs experimental � utter amplitudes, at marker posi-
tions, for all four con� gurations.

Table 3 shows the condensed results from both � utter analysis
and experiments. It is found that the critical airspeed, as well as
the � utter frequency, is fairly accurately predicted. The maximum
discrepanciesof about 5% in airspeed and 9% in frequencyare here
consideredgood.A visual comparisonof the predicted� utter ampli-
tudesvs theexperimentallyobtainedamplitudesin all con� gurations
is shown in Fig. 4. The amplitudes are normalized with the maxi-
mum amplitude in the corresponding con� guration. It is seen that
the agreement is good for the h =0-, 20-, and 70-deg con� gurations
but is somewhat more indistinct for h =45 deg.

The picture is much the same when considering the phase dis-
agreement between experimental and analytical results. The largest
disagreements are found for markers experiencing small, close to
the measurement resolution, motion amplitudes. Typically, the dis-
agreement in phase between analysis and experiments are less than
10 deg, which is considered satisfactory.

Although the correlation in Fig. 4 is good, it is observed that the
deviations in � utter amplitudes are considerably larger than in the
free-vibration comparisons (Fig. 2). Explanations to this are likely
found in both the analysis and the experiments.Experimentally, the
higher frequenciesand lower amplitudesof the � utter motion, com-
pared to the free vibration, increase the measurement errors. The
� utter analysis also contributes through uncertainties in the mod-
eling of the unsteady aerodynamic forces. Note that the analysis
predicts the dynamics at the onset of � utter whereas the measure-
ments are done at limit-cycle oscillation.

VII. Conclusions
The ability to measure aeroelasticdeformationsimultaneouslyat

several locationson a wind-tunnelmodel withoutonboardsensors is
a signi� cant advantage. Although limited, this investigation shows
the potential of such a system. With the use of the present setup of
the ProRe� ex4 system, a three-dimensional positioning resolution
of 0.03 mm and a typical precision of 0.1 mm are achieved during
simultaneous sampling of 20 markers at 240 Hz.

Comparisons between predicted and experimentally obtained
fundamentalfree-vibrationmode shapes show excellentagreement.
Consistent high MAC ratings are achieved for all four investigated
wing con� gurations, and good frequency matching is also attained.
These results also verify the modeling of the structural dynamics,
as well as the elastic material properties.

The comparisons of � utter mode shapes are somewhat more dif-
� cult to interpret.High MAC ratings (MAC ¸ 0.96) between calcu-
lations and experiments are again obtained, but a somewhat more
thorough comparison reveal differences in phase angle, generally
less than 10 deg but occasionally worse. However, the less accu-
rate phase angle correlations correspond to locations (or markers)
subject to low oscillation amplitudes, which result in less accurate
evaluations of the experimental data.

The two different predicted � utter mode shapes, shown in Fig. 3,
are clearly experimentally veri� ed. It is clearly seen that the more
complex mode shape (for h = 45 deg), with small amplitudes and
high frequency, results in the largest discrepancies between calcu-
lations and experiments. The explanation is most likely found in
limitations in both the analysis and the experimentalmethods.

The main objective here is to evaluate the feasibility of measur-
ing the dynamic behaviorof wind-tunnelmodels. Promising results
show that the system is useful, although limitations exist. Some
system-dependentlimitations,suchas samplingfrequencyand max-
imum number of markers, are at the lower bound of acceptance.
Improvements of the installation, such as in camera constellation
and choice of lenses can possibly also improve the measurement
quality.
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